Abstract. We apply the modulation theory to study the vortex and radiation solution in the two-dimensional nonlinear Schrödinger equation. The full modulation equations which describe the dynamics of the vortex and radiation separately are derived. A general algorithm is proposed to efficiently and accurately find vortices with different values of energy and spin index. The modulation equations are solved by accurate numerical method. Numerical tests and simulations of scattering are given.
1. Introduction. In our recent work [25, 26] , we studied the multichannel dynamics of soliton and radiation in the nonlinear Schrödinger equation (NLS) by using the modulation equations approach, where the soliton was considered is a ground state. As a kind of soliton with interesting geometric structure admitted by NLS in high space dimensions, vortices have drawn great interest in mathematical analysis and applications [1, 17, 20, 8, 7] . In this work, we carry out the investigation by considering the two-dimensional NLS i∂ t u(t, x) = −∆u(t, x) + V (x)u(t, x) + β(|u(t, x)| 2 )u(t, x), t > 0, x ∈ R 2 , (1.1)
where V (·) is a radial symmetric real-valued potential function, i.e. V (x) = V (|x|), and β(·) is a real-valued function denoting the nonlinear interaction. We study the dynamics of the multichannel solution [23] : u = u v + u r in the NLS (1.1), where u v is a vortex solution and u r denotes radiation wave. When there is no radiation, the NLS (1.1) admits bound state u v (t, x) = e itw φ w (x), for some w ∈ R, where φ w (x) solves the time-independent NLS − ∆φ w + V φ w + β(|φ w | 2 )φ w = wφ w , x ∈ R 2 .
(1.
2)
The vortex solution is when the function in the bound state takes the form φ w (x) = e imθ ρ w (r), (1.3) for some m ∈ N + , where θ = arg(x), r = |x| and ρ w (r) is a real-valued radial function satisfying the one-dimensional equation resulting from (1.2): The integer m = 0 is known as the spin index or winding number of the vortex. The vortex (1.3) is also known as the central vortex state in [3, 6] and is a kin to the quantized vortices that occur in superconductivity [5] . When m = 0, the solution u v falls back to the ground state as has been studied in [25, 26] . In this sense, the vortex given by (1.2) and (1.4) can be interpreted as an excited state among the bound states [8] . For given w and m, the existence of ρ w in (1.4) has been proved in [13] and the solution ρ w (r) → 0 exponentially as r → ∞ [20] . Spectrally stable vortices for m ≤ 5 have been found in [20] . Orbital instabilities of the vortices have been pointed out and investigated in [16, 14, 20, 28, 5] by either mathematical analysis or numerical methods.
The modulation equations which describe the dynamics of the soliton and the radiation part separately were originally introduced in [23, 24, 29] as an analytical tool for studying scattering and stability of solitons. In recent work [25, 26] , it has been developed as an alternative approach to solve the multichannel dynamics of the NLS. Compared to the modulation equations approach, classical numerical solvers towards NLS are not able to distinguish the two waves. The popular collective coordinates method [22] would go wrong by completely dropping radiation. On the other hand, the modulation equations approach provides a strategy to design absorbing boundary conditions or filters to filter out the fast dispersing waves [26] . In [25, 26, 23] , the modulation equations for the case of a ground state soliton and radiation were studied and the results were emphasized in 1D. To study the case for vortex as an excited soliton in 2D, more efforts need to be devoted. For the computation of the vortex (1.3), solving (1.4) via numerical approximations is a widely-used approach in the literature [5, 6, 20, 28] , since (1.4) uses the radial symmetric property that reduces the problem to a real-valued one-dimensional equation. However, it also brings some numerical difficulties. A singularity and an artificial boundary condition are introduced in the equation (1.4) at the origin r = 0. Using ad hoc boundary approximations as in [20] or using a sophisticated polynomial spectral discretization as in [6] would either be less accurate or less efficient.
In this paper, we first derive the modulation equations for the vortex and radiation. Then we give an iterative algorithm to accurately compute the vortex state (1.3) with prescribed w and m via using (1.2). After that, we solve the modulation equations for the dynamics of vortex and radiation via some numerical method. Numerical tests are done to validate the proposed approach for NLS and simulations of the scattering of the radiation are given.
The rest of the paper is organized as follows. In Section 2, we shall derive the modulation equations. In Section 3, we shall solve to get the vortex solution and then solve the modulation equations by numerical methods. Numerical results will also be presented in this section. Conclusions are drawn in Section 4.
2. Modulation equations. We define the inner product of two complex-valued functions f and g as < f, g >:= Re{ R 2 f (x)g(x)dx}, where Re(z) denote the real part of a complex number.
We make the ansatz [23, 24, 29] that the solution of a standing vortex and radiation wave in the NLS can be written as
where φ w = e imθ ρ w (r) denotes the vortex satisfying (1.2) and (1.4),
for some real-valued function γ, and R denotes the radiation wave. Plugging (2.1) into (1.1), we get 3) where N = N (t, x) denotes the nonlinear part in terms of R coming out from the nonlinearity as
and ∂ w φ w is the solution of the derivative of (1.2) with respect to w on both sides as
Thanks to the special form (1.3), the above elliptic problem for ∂ w φ w can be written as a compact form as
In order to make (2.2) and (2.3) solvable, we assume the following two orthogonality conditions for all times along with (2.1) as [8] :
Now taking the inner product on both sides of (2.3) with φ w and then integrating by parts, we get
By taking a time derivative of the first orthogonality condition in (2.5) which gives < ∂ t R, φ w >= −ẇ < R, ∂ w φ w >, and also noting (2.2), the above equation becomes
Next, taking the inner product on both sides of (2.3) with i∂ w φ w , we get
By integrating by parts and noting (2.4), we find
Together by using the second orthogonality condition in (2.5), we can further get
where
and ∂ 2 w φ w is the solution of the elliptic problem
Now defining
(2.11) and combining (2.7), (2.8) and (2.3), we get the full modulation equations for describing the dynamics of a standing vortex and radiation as
w and γ are sometimes referred as collective coordinates in the literature. We remark that the equation (2.12b) could be written as a two-component real-valued system form by separating the real part and imaginary part in the equation, which is widely used in the literature [20, 8, 26] for analysis. However, the real part or imaginary part would involve the angle θ which is undefined at origin and would be a problem for the computer. Here we use the complex-valued single equation form (2.12b) for the convenience of forthcoming numerical approximations. Suppose initially the multichannel solution to the NLS (1.1) is given by
then the modulation equations (2.12) are assigned with initial data
If we assume initially the vortex and radiation satisfying the orthogonality condition (2.5), i.e.
then the initial value problem of (2.12) and (2.13) is well-posed for orbitally stable vortices and the solution given by (2.1) solves the NLS (1.1).
3. Numerical method and result. In this section, we shall apply some accurate numerical methods to solve the time-independent NLS for vortex and then solve the modulation equations for multischannel dynamics.
3.1. Solving the elliptic problem for vortex. Obtaining the vortices (1.3) accurately and efficiently from the time-independent NLS (1.2) or (1.4) with prescribed w and m is an interesting numerical approximation issue, which is also a fundamental step here for solving the modulation equations (2.12) during the dynamics.
For ground state solution (positive φ w or saying m = 0), the Petviashvili method works well [15, 19, 18] , while vortices bound state need some other treatments. Based on the background of the vortices, different approximation methods have been proposed in the literature. For instance, in studies of rotating Bose-Einstein condensates (BEC), vortices patterns will form in the ground states (energy minimizer) [3] according to the rotating velocity and the vortices formed are all with the stable index m = 1. The normalized gradient flow method [3] or the Krylov subspace method [2] is the powerful numerical method for computing those vortices patterns. For obtaining the vortex (1.3) which is also known as the center vortex state [6] , there are basically two kinds of methods available in the literature as far as we know. One is solving (1.4) by the shooting method with ad hoc approximations at the boundaries, i.e. r = 0 and r = L (with L some sufficiently large value). For example, the asymptotic behavior of Bessel functions are used in [20] . This kind of method is restricted by its accuracy due to the ad hoc boundary condition and the singularity in the equation (1.4) at r = 0. On the other hand, for solving (1.4) as well, a generalized-Laguerre pseudospectral method has been developed in [3, 6] . This method is very accurate. However, the polynomial pseudospectral method has no fast transformations in practice, and it is not easy to program.
Here we solve the vortex (1.3) based on the equation (1.2) instead of making use of (1.4). Comparing to (1.4), (1.2) has no singularities in the equation and no artificial boundary condition needed to be specified at the origin. In order to create some non-zero angular momentum in the equation (1.2) for producing a vortex, we mimic the rotating BEC and introduce the operator
which allows us to transform (1.2) into
Then we apply the iterative strategy proposed in [25, 26] . Thus, for given w ∈ R, m ∈ N + , the detailed algorithm reads as:
Step 1. Choose an initial guess φ 0 w . Step 2. For n ≥ 0, find the ground state of the linearized Hamiltonian functional
in the unit sphere of L 2 (R 2 ), where Ω = w m . Denote the solution as
Step 3. Scale the ground state φ n+1 w according to the energy w. That is to find the scaling constant c n ∈ R such that
which is obtained by taking the inner product of (1.2) on both sides with φ w in L 2 (R 2 ). Then we can solve the equation
for the value of c n . In particular, when it comes to the power nonlinearity (or polynomial type like the focusing-defocusing nonlinearity [20] ) case, i.e. β(ρ) = λρ p , ρ ∈ R, λ ∈ R, p > 0, we have explicit formula
Then iterate until {φ n w } n≥0 converges. The Cauchy criterion can be used as the stopping condition, i.e.
with some chosen threshold ε > 0, or we can measure the residue of the timeindependent NLS (1.2) by defining the error
and stop at the desired threshold, i.e. e res L ∞ ≤ ε.
Here we make some important remarks on the choice of initial guess φ where φ w is a vortex solution corresponding to m = 1. For implementation issue, the whole space R 2 in above will be truncated to a
] which is large enough for the vortex, with periodic or zero boundaries. The space will be discretized by Fourier pseudospectral method [27] . The ground state solver in Step 2 could either be the normalized gradient flow or the Krylov method. Once the vortex φ w is obtained, we can discretize (2.4) and (2.10) into linear systems with the help of the Fourier pseudospectral method for spatial approximations, and then solve the linear systems, say by GMRES for ∂ w φ w and ∂ 2 w φ w , respectively. We shall take the cubic nonlinearity, i.e. β(ρ) = λρ, for some λ ∈ R in the following numerical examples for simplicity.
In our first numerical example, we consider the vortex that appears in GrossPitaevskii equation for rotating BEC [3] by choosing In our second example, we consider the vortex that occurs in nonlinear optics [20] by choosing V (x) = 0, λ = −2, w = −0.5. the vortex with the prescribed w and m, and the approximation results are very accurate. With closer initial guess, the iteration converges faster. The larger the spin index m is, the bigger the core of the vortex is, which is consistent with results in [20] . Comparing to results from the two examples, the vortices from the nonlinear optics in the second example have larger supports than those from the first example in rotating BEC, since there is no confining potentials in the NLS.
3.2.
Solving the modulation equations. Now, we can solve the modulation equations (2.12) by some numerical discretization. Choose the time step size τ = ∆t > 0 and denote the time steps by t n := nτ, n = 0, 1, . . . . To present the discretization, we denote the approximation of the involved quantities at t n as
and introduce the usual central finite difference operator for some grid function f n as Then we discretize the modulation equations (2.12) in time by a semi-implicit finite difference method as,
with initial values
and starting values at t 1 chosen as
For approximations in space, we again first truncate the whole space R 2 to the finite domain I with periodic boundary condition and then use the Fourier pseudospectral discretization for the involved spatial derivatives and inner products. At every The numerical scheme (3.9) gives second order accuracy in time and spectral accuracy in space, and is efficient thanks to the fast Fourier transform. With the numerical approximations obtained from (3.9), the full solution u to the NLS (1.1) could be recovered based on (2.1) with a trapezoidal rule towards the temporal integration as,
With the full solution u to the NLS, we are able to carry out the following test to justify the correctness of the modulation equations approach and the numerical discretizations. We take the nonlinearity and the initial vortex as used in (3.7), i.e. and the initial radiation prepared as 10) in order to satisfy the orthogonality condition (2.5) at t = 0. We then solve the NLS (1.1) by the proposed method on the computational domain 8, 8] and compare with the solution obtained from the directly solving (1.1), saying by the time-splitting spectral method [3] . The error
at t = t n = 0.8 is given in Table 3 .3 under different step size τ (with spatially fine mesh). The profiles of the solutions u and R are given in Figure 3 .4. From the numerical results in Table 3 .3 and Figure 3 .4, we see the modulation equations approach solves the NLS correctly and accurately. The dynamics of the vortex and radiation are captured separately. The radiation wave is trapped by the confining potential and its amplitude does not decrease.
To see the nonlinear scattering of free (from external potential) radiation, we consider the setup in example (3.8), i.e. in Figure 3 .5. The results show that the initial bump gradually expand to far field and its amplitude decrease to zero. The whole system will turn to a steady state [23, 25, 26] . A very interesting observation from both Figure 3 .4 and Figure 3 .5 is that the radiation starts to rotate as time evolves.
At last but not least, we consider the quantum tunnelling [12, 21] of vortex and radiation wave: The profile of the potential V (x), initial radiation R(0, x) and vortex φ w(0) (x) are given in Figure 3 .6. The dynamics of R(t, x) are shown in Figure 3 .7. From the results, we can see the radiation rotates and disperses through the trapping potential. It becomes bumpy after passing through the potential wall. The ring shaped bumps of the tunnelled waves seems to be the two dimensional analog of the blip phenomena as described in one dimension in [9, 10, 11] . As shown in [7] , the bumps will turn into jets if the potential is anisotropic. However, when the trapping potential is anisotropic, the vortex state in (1.2) would become non-symmetric, and formulation (1.3) or (1.4) becomes invalid. More efforts are needed for the algorithm and simulations, which would be our future investigation.
Conclusion.
We solved the multichannel solution of a vortex and radiation in the nonlinear Schrödinger equation (NLS) by means of the modulation equations approach. We firstly derived the fully modulation equations for dynamics of the vortex and radiation, and then solved the modulation equations via numerical methods, where an accurate iterative algorithm has been given to obtain vortices with prescribed energy and spin index. Numerical tests and simulations of nonlinear scattering were given. The approach and strategy could be generalised in future to solve the NLS with anisotropic potential and be applied to study the jetlike tunnelling effect in [7] .
